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• Cox
rings .

• Mori dream
spaces
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Mori dream spaces :

In 1B¥ , every
Weil dnnoor W - JH

,
then

tiepin ,me Hillen , JH ) - Attack ??? it free A-mark

Thus , we have that
- 1K- ring .

Of Hickam ,
WIÉIÉEO

. . . .int

IWTE CICHY \
Any hypersurface in 1PM corresponds to an homogeneous poly of

The homogeneous coordinates of 11?
"
.

Spee CE¥[Xo . . -,
Xnl - { Co, . . -1073 ) / Gm = ☒

"

.



Free + j.gd.no group :
e'I

✗ normal
pro; variety with CICX ) free and sfg

NEWDiv (X ) , → CICX ) is an isomorphism .

Thom we define :

Cox Cx) r= ⑤ Hi CX
,WI

WER

we multiply sections in IIEICXI .

Example : Cox ( ✗ it
'

I = III. Ixo. ✗ s , Yo , ✗it .
.

F

grated by the b- - degree on ✗ andy.



Cox
ring

: Assume CICX ) is jg . /×•mpro
WE WDiucxsorjeo.by onto CICX )

.

Ko the kernel of K c- CICX) .

Xi Ko→ EECx1* be a homomorphism yielding .

tire (✗ (E) I - E

for all EE ko .

"

I = ( 1- ✗LEI LEE Ko> .

☐ c- K
, we b.fme So -0×403 .

The Cox sheaf of X io defined to be 12--512

B- ⑤ Rio Ro :=R( ④ so ) .

DECICX) D
'
c- c-

'(IOI )

the Cox ring Cox (X ) : - Flix.rs

which admits a CICXI grading



Index one cover :

Don X , MD - o .

-
Y

Spec (② • ⑥ (D) or
. -

D- Im - c)D) )

(iD) ☒ ②✗ G-D) = ②②it;)D)
11

①✗ (Citjlmodm D) .

T- ✗

This is an example of a
"
Cox

ring
"

.

Main questions :
• Is CICX) fj ? yes 2
• Is Cox CX ) fg ?

Remark : The set of isomorphism of Coxcx )

depends on X : Ko → HYCXF
.

The
. oetof

isomorphism classes is in bijection to

Ext ' ( CICX )
,
②(✗Y ) .



Mori dream space :

µµp
"

=

"

Mon Theory .

Def : A normal pro; variety ✗ is a MDS if

111 ✗ io ② - factorial and Pic (X ) a = N' CX ) i
✓

(2) Nef CX ) is the affine hull of finitely
many semisimple line bundles

(3) There are finitely many small Q - futon. -1 motels

fi :X - - → Xi oooh that each Xi satisfies 121 and

More CX ) = U
; f ? Nef (Xi )

= mom



Proposition : Let ✗ be a MDS . Then the following
conditions hold :

G) Morio
program

can be canned out for any trioor on X :

(a) D is a pseudo - eff on X ,
there exists a sequence

✗ - - → ✗ ,
- - → ✗ z

- - - -
. . .

--→ ✗ is

of D- tin iron-21 contractions / and D#ips , , so
that the

stnÉÉ
on Xx is semi ample'

1. i
"

=
u

PCXIX
'

) =L

¥-1 - -→☒ flipping come

intersects D

negativelya. ✓C.D < o



(b) D is not puff on ✗ . There exists a saguaro

✗ - -- s ✗ a -
- - > Xz - - - >

.
. .

- -→ ✗ to

I
2- .

such that each Xi -→ Xin is a D- flip .

or a D- tonsorial contraction . Moreover

Xp→ 2- is a Db - Mori fiber space

Dr is the stnzf transform of D in Xr .



Cal - There are finitely many
birational contraction

Ji :X
- - → Yi with Tr a MOS s.to :

NE→Cx ) = Ug ? Chief Ctr )/ xexcg:)
2

In particular , ATE 'C✗) is rat polyhedral .

G) The chambers fiTNefcx.it) together with their
faces .

give
a fan structure of thou CX )

.

These cones are in one - to - one correspondence with

rational maps g:X
-→Y with Y normal + proj .

" "

[g :X -
-
→4) 1→ [g- (Mcfee )) C- Mouth



Example of a MDS :

☒
•

,
✗ = ftp.g.lt? s . /

2 be the strict transform of the line through perf .
Normal bundle of 2 is 0pct )

2

; This come

can be contracted Mia a small contraction: f : X → T.

☒ be the blow -
up of

2
.

and E ⇐ xD'
' and

its normal bundle ② C-b-1) . We can contract E in

the second direction to obtain a moth blow - town

*

§
2nd contraction

✓
LEX - -8- → 2.I

¥1



Example of MDS :

→ is a smooth morphism with fiber ✗ Ha !

(bimbo.nl pro; AD? -→ IP
'
'

from the line through p and g)

The morphism I→ IP
"

factors in two different

ways through a ☒
'
- bundle I → II .

÷:[Ep]

3-dim faces : ✗ i→X , X - -→ I

2-4m faces

/ corresponds to ✗→ T

T correspond to ✗→ Blight
'

&

✗ → Blp It?

-\ correspond to ✗ - - - > 11¥
.



•

[Eq]

⇒
ii.÷

3-dim faces : ✗ i→X , X - -→ I

2-4m faces

/ corresponds to ✗→ T

T correspond to ✗→ Blgtt
"

&

✗ → Blplt?

-\ correspond to ✗ - - → 11¥
.

✗ - -
→
→ pi

'

X-jitj.HN ✗→ Hae

µ•
guy,→Ñ

[Hop
✗→ 1122



Mori dream space :

Tbm (Hnd keel 2000's ) : ✗ is a MDS if and

only if Coxcx ) is finitely generated .

Good geometric properties of MDS :

• Any nej divisor is semisimple .

• Any pseff tmirr is effective

• The
image of a MDS is also a MDS '

G'mix A
11

Abelian
quasi

- tornv , ✗ normal variety . **It ✗ A .

✗→ X is an abelian quasi
- horror if there exists

Ha
quoi

- tons acting on Y szlvofyng the following condrbowi

cis Ho EH
,
Y

'
- YIHo→ ✗ is quoi

- étile
,

ciis Tty EY ,
VI ' EY

'

big open
sets so that .

It→ Ut ' is e-tale locally a trivial Ho -bundle

civil ②G)HE ②(X ) .

finite cover

Fbi - tone



finite covers me universal cover .

abelian
quasi -torsion in

> spectrum of Cox (✗7 .

Proposition . The spectrum of the Cox
ring of

✗

to an lrhrxerszl abelian
quoi

-
torn .

Corollary : Q - points of ✗ correspond to % -point

of Spee Ccoxcx)).

✗
,
Cox CX )

,
Cox Ccoxcx ) ) , . . .

height of Q -points of ✗ increases with the iteration

Is
characteristic poor

- torus

Corollary :
'

II
'
_- spec (III Ickx )] ) of a MDS ✗

Then ✗ =/specccoxcx)) -11 ) ✗ II .
I

cleared of Colom 22

Amy Weil dvoor on ✗ corresponds to a homogeneous
regular fonetoon on Coxcx) .



Local Hori dream spaces :

Coxcx ) - ⑤ H°Cx , D)
DECICX)
-

%

(E.pl , CIC.tt) is not fy for any FEE

CX.sc ) , you try to use the local
group

Ckxx)
.

Cox (Xix ) = ⑤ Hocxx
,
D)

Doclcxx )

Example : { cx.y.z.ws/x4y3+z3w--o } - X
↳✓02010 ) - X .

Sing come C- { ✗=y_- 2- -03 . CEC general .

✗ étale around c is isomorphic to ① ✗ Eo sing .

The class
group

CICX.cl is trivial
. , CICX) iu trivial .

However ,
thcxsm ) is the binary tetrahedral

group .

pz , (✗m )
2b

-~ 12/3
.

Solution : Define Coxcxix ) = Of H°(✗I.D)
DGCICX.ch )



Definition : The
sing

(✗ in ) is a local MDs

if Coxcxix ) is ess of finite type .

- o-

Tbm CBCHM 061 : A Fano Harriet is a MDS .

Them ( 1314211 : A *It singularity is a local MDs .


